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3 Sobolev Spaces

Exercise 3.1. Let {u, }ney € Wh*°(I) be a Cauchy sequence. Then {uy, }nen and {u, }nen
are Cauchy sequences in L*(I), thus uw, — w and u/, — ¢ in L*°(I). Moreover, since
u, € WH(I), we have

un(x) = un(y) + /m u,(t)dt, ¥n e N.

By letting n — oo we obtain that the limits u and g satisfy

and from Exercise 3.1 of Sheet 8, we also get that ¢ = « in D’([). This shows that
u € WhH(I) as desired.

Exercise 3.2. Since u € W'?(I) we have u(z) = u(0) + / u'(t) dt. Note that
0

/] t)]dt < xl_EHquI M c L'(I),

xp

thus —= ( ) € L*(I) if and only if ) € L'(I) and this holds true if and only if u(0) = 0.
x

Moreover let v(z) = (1 + |log(z)])™! = (1 — log(z))~!. We have v'(z) = z71(1 —
log(x)) ™2, from which we get

1 0 Ly
vxda::/ dy < oo
/0 () —ool_y
f o= [
v'(z)dr = — dy < o0.
0 () —oo(l_y)2

1 0
1
/ v(x)dx:/ ——dy = 0.
0 z —ool_y

Exercise 3.3. We define

Moreover v(0) = 0 but

0, 1f0<x<%
up(r) = qn(z—-1), fi<e<iqd
1, if 54+ <z<l.
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Obviously wu,, € L'(I) for every n € N, and moreover its distributional derivative u/,
is given by

0, fo<z<]
u,(r)=qn, fi<az<i+2
0, ifj+i<z<l
Thus, also u/, € L'(I). Moreover
, | 3
lnllwraay = lluallrn + lunllng < 5 +1= 3,

but u,(z) — H(x — 3) almost everywhere, and since {u,}nen C C°(I), {tn},cy can not
converge in L>(I), because its limit would be a continuous function and H(x — %) is

2
clearly not.

Exercise 3.4. Suppose that u € Lip(I). By Rademacher’s Theorem u is differentiable
almost everywhere and its distributional derivative coincides with the almost everywhere
one. But since u € Lip(I), the almost everywhere derivative is bounded, indeed for almost
every x € [

. h) —u(z)| _ . Lkl
1o < i e+ i LI
@)l < lim ] < o Ta)

Thus, also the distributional derivative v’ € L°°(I) and this shows that Lip(1) € W ().

L.

Let now u € WhH(I). We have

u() = uly)| <

[ dt\ < ez — ol
Y

which implies that u € Lip(I).
Exercise 3.5. Let ¢ € C°(R) and u,(z) = ¢(x + n). Clearly {u,}neny C WIP(R) is
bounded, indeed

||un||wlyp(R) = H‘PHWl,p(R)

Moreover, since ¢ vanishes at infinity, u,(z) — 0 for every x € R, but ||u,||zem) =
||l ary # 0. Thus there cannot be a subsequence converging strongly in LI(R).

Let now p' = Ll Since C°(R) is dense in L¥ (R), for every v € L¥ (R) and for
p J—
every € > 0 there exists v. € C2°(R) such that

3

< o (1)
)72 HSOHLP(R)

|ve = UHLP’(R
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Moreover, for every ¢ > 0, |un(2)v:(x)] < [|@|lpem)|ve(z)] € L'(R), and since ¢
vanishes at infinity, we also get u,(z)v.(x) — 0 for every z € R, as n — oo. Thus, by
Lebesgue dominated convergence, for every € > 0, there exists N, such that Vn > N,

< g 2)

/Run(x)ve(x) dx

Finally, by using (1) and (2), we can conclude

/Run(:c)v(:v) dx

S/R\un(x)Hv(x)—vg(x)\dij /Run(x)vs(x)dx

€
< ||UnHLp(R) v — UEHLP(R) + 9 < ||(PHL1>(

D20elpm 2

which shows that u, — 0 in LP(R). From the very same proof we also get u/, — 0 in
LP(R).
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